Introduction {#Sec1}
============

We consider the following coupled chemotaxis fluid model \[[@CR1]\]: $$\documentclass[12pt]{minimal}
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Very recently, Chae *et al.*\[[@CR7]\] showed the local well-posedness of smooth solutions to problem ([1.1](#Equ1){ref-type=""})-([1.5](#Equ5){ref-type=""}) and the following blow-up criterion: $$\documentclass[12pt]{minimal}
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The aim of this paper is to refine ([1.10](#Equ10){ref-type=""}) further; we will prove the following.

Theorem 1.1 {#FPar1}
-----------
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Corollary 1.1 {#FPar2}
-------------
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Remark 1.1 {#FPar3}
----------

By the very same calculations as those in Zhou \[[@CR8]\], we can prove the following blow-up criteria: $$\documentclass[12pt]{minimal}
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Preliminary {#Sec2}
===========

Here we recall the definitions and some properties of spaces.
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Definition 2.1 {#FPar4}
--------------

\[[@CR9], [@CR10]\]
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\[[@CR4]\]
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Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec3}
==============================================

This section is devoted to the proof of Theorem [1.1](#FPar1){ref-type="sec"}. Since local existence results have been proved in \[[@CR7]\], we only need to prove *a priori* estimates.
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                \begin{document}$$ n\geq0,\qquad 0\leq p\leq C,\qquad \int_{\mathbb{R}^{3}}n\,dx= \int_{\mathbb {R}^{3}}n_{0}\,dx< \infty. $$\end{document}$$ Case 1. Let ([1.6](#Equ6){ref-type=""}) and ([1.11](#Equ11){ref-type=""}) hold true.

Testing ([1.1](#Equ1){ref-type=""}) by *u* and using ([1.2](#Equ2){ref-type=""}), we infer that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{1}{2}\frac{d}{dt} \int_{\mathbb{R}^{3}}\vert u\vert ^{2}\,dx+ \int_{\mathbb{R}^{3}}\vert \nabla u\vert ^{2}\,dx =& \int _{\mathbb{R}^{3}}n\nabla\phi u\,dx \\ \leq&\Vert n\Vert _{L^{\infty}} \Vert \nabla\phi \Vert _{L^{2}} \Vert u\Vert _{L^{2}}, \end{aligned}$$ \end{document}$$ which leads to $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert u\Vert _{L^{\infty}(0,T;L^{2})}+\Vert u\Vert _{L^{2}(0,T;H^{1})} \leq C. $$\end{document}$$

In the following calculations, we will use the following elegant inequality \[[@CR11], [@CR12]\]: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \nabla u\Vert _{L^{4}}^{2}\leq C\Vert u\Vert _{\dot{B}_{\infty,\infty}^{0}}\Vert \Delta u\Vert _{L^{2}}. $$\end{document}$$ Testing ([1.1](#Equ1){ref-type=""}) by Δ*u*, using ([1.2](#Equ2){ref-type=""}) and the above inequality, we find that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{2}\frac{d}{dt} \int_{\mathbb{R}^{3}}\vert \nabla u\vert ^{2}\,dx+ \int_{\mathbb{R}^{3}}\vert \Delta u\vert ^{2}\,dx \\& \quad = \int_{\mathbb{R}^{3}}(u\cdot\nabla)u\cdot\Delta u \,dx+ \int _{\mathbb{R}^{3}}n\nabla\phi\Delta u\,dx \\& \quad = \sum_{i,j} \int_{\mathbb{R}^{3}}u_{i}\partial_{i}u \,\partial_{j}^{2}u\,dx+ \int _{\mathbb{R}^{3}}n\nabla\phi\Delta u\,dx \\& \quad = -\sum_{i,j} \int_{\mathbb{R}^{3}}\partial_{j}u_{i} \,\partial_{i}u\partial _{j}udx+ \int_{\mathbb{R}^{3}}n\nabla\phi\Delta u\,dx \\& \quad \leq C\Vert \nabla u\Vert _{L^{4}}^{2}\Vert \nabla u\Vert _{L^{2}}+\Vert n\Vert _{L^{\infty}} \Vert \nabla\phi \Vert _{L^{2}}\Vert \Delta u\Vert _{L^{2}} \\& \quad \leq C\Vert u\Vert _{\dot{B}_{\infty,\infty}^{0}}\Vert \Delta u\Vert _{L^{2}}\Vert \nabla u\Vert _{L^{2}}+C\Vert n\Vert _{L^{\infty}} \Vert \Delta u\Vert _{L^{2}} \\& \quad \leq\frac{1}{2}\Vert \Delta u\Vert _{L^{2}}^{2}+C \Vert u\Vert _{\dot{B}_{\infty,\infty}^{0}}^{2}\Vert \nabla u\Vert _{L^{2}}^{2}+C\Vert n\Vert _{L^{\infty}}^{2}, \end{aligned}$$ \end{document}$$ which gives $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert u\Vert _{L^{\infty}(0,T;H^{1})}+\Vert u\Vert _{L^{2}(0,T;H^{2})} \leq C. $$\end{document}$$ By ([1.10](#Equ10){ref-type=""}), this completes the proof of Case 1.

Case 2. Let ([1.7](#Equ7){ref-type=""}) and ([1.11](#Equ11){ref-type=""}) hold true.

Testing ([1.1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$-\Delta u$\end{document}$, using ([1.2](#Equ2){ref-type=""}) and the following inequalities \[[@CR3], [@CR11]\]: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \Vert u\cdot\nabla u\Vert _{L^{2}}\leq C\Vert u \Vert _{\dot{B}_{\infty,\infty}^{-\theta}} \Vert u\Vert _{\dot {B}_{2,1}^{1+\theta}}, 0< \theta< 1, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \Vert u\Vert _{\dot{B}_{2,1}^{\theta}}\leq C\Vert u\Vert _{L^{2}}^{1-\theta} \Vert \nabla u\Vert _{L^{2}}^{\theta}, 0< \theta< 1, \end{aligned}$$ \end{document}$$ we derive $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{2}\frac{d}{dt} \int_{\mathbb{R}^{3}}\vert \nabla u\vert ^{2}\,dx+ \int_{\mathbb{R}^{3}}\vert \Delta u\vert ^{2}\,dx \\& \quad= \int_{\mathbb{R}^{3}}(u\cdot\nabla)u \cdot\Delta u \,dx+ \int_{\mathbb {R}^{3}}n\nabla\phi\Delta u\,dx \\& \quad\leq \Vert u\cdot\nabla u\Vert _{L^{2}}\Vert \Delta u\Vert _{L^{2}}+\Vert n\Vert _{L^{\infty}} \Vert \nabla \phi \Vert _{L^{2}}\Vert \Delta u\Vert _{L^{2}} \\& \quad\leq C\Vert u\Vert _{\dot{B}_{\infty,\infty}^{-\theta }}\Vert \nabla u\Vert _{L^{2}}^{1-\theta} \Vert \Delta u\Vert _{L^{2}}^{1+\theta}+C \Vert n\Vert _{L^{\infty}} \Vert \Delta u\Vert _{L^{2}} \\& \quad\leq\frac{1}{2}\Vert \Delta u\Vert _{L^{2}}^{2}+C \Vert u\Vert _{\dot{B}_{\infty,\infty}^{\frac{2}{1-\theta}}} \Vert \nabla u\Vert _{L^{2}}^{2}+C \Vert n\Vert _{L^{\infty}}^{2}, \end{aligned}$$ \end{document}$$ which yields ([3.3](#Equ17){ref-type=""}); this completes the proof of Case 2 again by ([1.10](#Equ10){ref-type=""}).

Case 3. Let ([1.8](#Equ8){ref-type=""}) and ([1.11](#Equ11){ref-type=""}) hold true.

Testing ([1.1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$-\Delta u$\end{document}$, using ([1.2](#Equ2){ref-type=""}), we deduce that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] &\frac{1}{2}\frac{d}{dt} \int_{\mathbb{R}^{3}}\vert \nabla u\vert ^{2}\,dx+ \int_{\mathbb{R}^{3}}\vert \Delta u\vert ^{2}\,dx \\ &\quad=-\sum_{i,j} \int_{\mathbb{R}^{3}}\partial_{j}u_{i} \,\partial_{i}u\partial _{j}udx+ \int_{\mathbb{R}^{3}}n\nabla\phi\Delta u\,dx \\ &\quad=:I_{1}+ \int_{\mathbb{R}^{3}}n\nabla\phi\Delta u \,dx. \end{aligned} $$\end{document}$$ By the very same calculations as those in \[[@CR13]\], we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ I_{1}\leq\frac{1}{8}\Vert \Delta u\Vert _{L^{2}}^{2}+C\Vert \nabla u\Vert _{L^{2}}^{2}+C \Vert \nabla u\Vert _{\dot {B}_{\infty,\infty}^{0}}\Vert \nabla u\Vert _{L^{2}}^{2}\operatorname{log}\bigl(e+\Vert \nabla u\Vert _{L^{2}}^{2}\bigr). $$\end{document}$$ Inserting ([3.7](#Equ21){ref-type=""}) into ([3.6](#Equ20){ref-type=""}) and solving the resulting inequality, we arrive at ([3.3](#Equ17){ref-type=""}). This completes the proof of Case 3.

Case 4. Let ([1.9](#Equ9){ref-type=""}) ($\documentclass[12pt]{minimal}
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                \begin{document}$r=-1$\end{document}$) and ([1.11](#Equ11){ref-type=""}) hold true.

Testing ([1.1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert u\vert ^{2}u$\end{document}$ and using ([1.2](#Equ2){ref-type=""}), we observe that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] &\frac{1}{4}\frac{d}{dt} \int_{\mathbb{R}^{3}}\vert u\vert ^{4}\,dx+ \int_{\mathbb{R}^{3}}\vert u\vert ^{2}\vert \nabla u\vert ^{2}\,dx+\frac{1}{2} \int_{\mathbb{R}^{3}}\bigl\vert \nabla \vert u\vert ^{2} \bigr\vert ^{2}\,dx \\ &\quad=- \int_{\mathbb{R}^{3}}(u\cdot\nabla)\pi \vert u\vert ^{2}\,dx- \int_{\mathbb{R}^{3}}n\nabla\phi \vert u\vert ^{2} u\,dx \\ &\quad=:I_{2}+I_{3}. \end{aligned} $$\end{document}$$ $\documentclass[12pt]{minimal}
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                \begin{document}$$ I_{3}\leq \Vert n\Vert _{L^{\infty}} \Vert \nabla \phi \Vert _{L^{4}}\Vert u\Vert _{L^{4}}^{3}. $$\end{document}$$ We bounded $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} I_{2}&= \int_{\mathbb{R}^{3}}\pi u \cdot\nabla \vert u\vert ^{2}\,dx \\ &\leq \Vert \pi \Vert _{L^{4}}\Vert u\Vert _{L^{4}}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq \Vert \pi \Vert _{\dot{B}_{\infty,\infty}^{-1}}^{\frac {1}{2}}\Vert \nabla\pi \Vert _{L^{2}}^{1/2}\Vert u\Vert _{L^{4}}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq \Vert \pi \Vert _{\dot{B}_{\infty,\infty}^{-1}}^{\frac {1}{2}}\bigl(\Vert u\cdot\nabla u\Vert _{L^{2}}+\Vert n\nabla \phi \Vert _{L^{2}} \bigr)^{1/2}\Vert u\Vert _{L^{4}}\bigl\Vert \nabla \vert u \vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq \Vert \pi \Vert _{\dot{B}_{\infty,\infty}^{-1}}^{\frac {1}{2}}\bigl(\bigl\Vert u \vert \nabla u\vert \bigr\Vert _{L^{2}}+\Vert n\Vert _{L^{\infty}}\bigr)^{1/2}\Vert u\Vert _{L^{4}}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq\frac{1}{8}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}}^{2}+\frac{1}{8}\bigl\Vert u\vert \nabla u\vert \bigr\Vert _{L^{2}}^{2}+C\Vert \pi \Vert _{\dot{B}_{\infty,\infty }^{-1}}^{2}\Vert u\Vert _{L^{4}}^{4}+C \Vert n\Vert _{L^{\infty}}^{2}, \end{aligned}$$ \end{document}$$ where we have used the elegant inequality \[[@CR11], [@CR12]\] $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert \pi \Vert _{L^{4}}^{2}\leq C\Vert \pi \Vert _{\dot {B}_{\infty,\infty}^{-1}}\Vert \nabla\pi \Vert _{L^{2}}, $$\end{document}$$ and the pressure estimate $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert \nabla\pi \Vert _{L^{2}}\leq C\bigl(\Vert u\cdot \nabla u\Vert _{L^{2}}+\Vert n\nabla\phi \Vert _{L^{2}}\bigr). $$\end{document}$$

Inserting ([3.9](#Equ23){ref-type=""}) and ([3.10](#Equ24){ref-type=""}) into ([3.8](#Equ22){ref-type=""}) and using the Gronwall inequality, we conclude that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert u\Vert _{{L^{\infty}}(0,T;{L^{4}})}\leq C. $$\end{document}$$ By ([1.10](#Equ10){ref-type=""}), this completes the proof of Case 4.

Proof of Corollary [1.1](#FPar2){ref-type="sec"} {#Sec4}
================================================

Testing ([1.3](#Equ3){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$m\geq2$\end{document}$), using ([1.2](#Equ2){ref-type=""}) and ([3.1](#Equ15){ref-type=""}) and denoting $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{m}\frac{d}{dt} \int_{\mathbb{R}^{3}}w^{2}\,dx+\frac{4(m-1)}{m^{2}} \int _{\mathbb{R}^{3}}\vert \nabla w\vert ^{2}\,dx \\& \quad\leq C\biggl\vert \int\chi(p)\nabla p\cdot w\nabla w \,dx\biggr\vert \\& \quad\leq C\Vert \nabla p\Vert _{L^{q}}\Vert w\Vert _{L^{\frac{2q}{q-2}}}\Vert \nabla w\Vert _{L^{2}} \\& \quad\leq C\Vert \nabla p\Vert _{L^{q}}\Vert w\Vert _{L^{2}}^{1-\frac{3}{q}}\Vert \nabla w\Vert _{L^{2}}^{1+\frac{3}{q}} \\& \quad\leq\frac{m-1}{m^{2}}\Vert \nabla w\Vert _{L^{2}}^{2}+C \Vert \nabla p\Vert _{L^{q}}^{\frac{2q}{q-3}}\Vert w\Vert _{L^{2}}^{2}, \end{aligned}$$ \end{document}$$ which implies $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert n\Vert _{{L^{\infty}}(0,T;{L^{m}})}\leq C\quad\mbox{for }m>2. $$\end{document}$$ Here we used the Gagliardo-Nirenberg inequality $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert w\Vert _{L^{\frac{2q}{q-2}}}\leq C\Vert w\Vert _{L^{2}}^{1-\frac{3}{q}}\Vert \nabla w\Vert _{L^{2}}^{\frac {3}{q}} \quad\mbox{with }3< q\leq\infty. $$\end{document}$$

Now, since the proofs of other cases are very similar to those in Case 1, Case 2, Case 3 and Case 4, we only prove the following case: Let ([1.9](#Equ9){ref-type=""}) ($\documentclass[12pt]{minimal}
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                \begin{document}$-1< r\leq1$\end{document}$) and ([1.12](#Equ12){ref-type=""}) hold true.

We still have ([3.8](#Equ22){ref-type=""}) and ([3.9](#Equ23){ref-type=""}).

Using Lemma [2.1](#FPar5){ref-type="sec"}, ([3.11](#Equ25){ref-type=""}), ([3.12](#Equ26){ref-type=""}) and the pressure estimate $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \Vert \pi \Vert _{L^{2}}& \leq C\bigl(\Vert u\Vert _{L^{4}}^{2}+\bigl\Vert (- \Delta)^{-\frac{1}{2}}(n\nabla\phi)\bigr\Vert _{L^{2}}\bigr) \\ &\leq C\bigl(\Vert u\Vert _{L^{4}}^{2}+\Vert n\nabla\phi \Vert _{L^{\frac{6}{5}}}\bigr) \\ &\leq C\bigl(\Vert u\Vert _{L^{4}}^{2}+1\bigr), \end{aligned} $$\end{document}$$ . we bound $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] I_{2}&=- \int_{\mathbb{R}^{3}}u\nabla\pi_{\ell} \vert u\vert ^{2}\,dx- \int_{\mathbb{R}^{3}}u\nabla\pi_{h}\vert u\vert ^{2}\,dx \\ &\leq \Vert \nabla\pi_{\ell} \Vert _{L^{4}}\Vert u\Vert _{L^{4}}^{3}+ \int_{\mathbb{R}^{3}}u\pi_{h}\nabla \vert u\vert ^{2}\,dx \\ &\leq \Vert \pi_{\ell} \Vert _{L^{2}}^{\frac{1}{2}}\bigl\Vert \nabla^{2}\pi_{\ell}\bigr\Vert _{L^{\infty}}^{{\frac{1}{2}}} \Vert u\Vert _{L^{4}}^{3}+\Vert u\Vert _{L^{4}} \Vert \pi _{h}\Vert _{L^{4}}\bigl\Vert \nabla \vert u \vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq \Vert \pi_{\ell} \Vert _{L^{2}}^{\frac{1}{2}}\bigl\Vert \nabla^{2}\pi_{\ell}\bigr\Vert _{L^{\infty}}^{{\frac{1}{2}}} \Vert u\Vert _{L^{4}}^{4}+\Vert u\Vert _{L^{4}} \Vert \pi _{h}\Vert _{W^{-1,\infty}}^{\frac{1}{2}}\Vert \nabla \pi_{h}\Vert _{L^{2}}^{\frac{1}{2}}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq\bigl\Vert \nabla^{2}\pi_{\ell}\bigr\Vert _{L^{\infty}}^{\frac {1}{2}}\bigl(\Vert u\Vert _{L^{4}}^{4}+1 \bigr)+C\Vert \pi_{h}\Vert _{W^{-1,\infty}}^{\frac{1}{2}}\bigl( \Vert u\cdot\nabla u\Vert _{L^{2}}+1\bigr)^{\frac{1}{2}}\Vert u \Vert _{L^{4}}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}} \\ &\leq\frac{1}{8}\bigl\Vert \nabla \vert u\vert ^{2}\bigr\Vert _{L^{2}}^{2}+\frac{1}{8}\Vert u\cdot\nabla u \Vert _{L^{2}}^{2}+C\bigl(e+\Vert \pi \Vert _{B_{\infty,\infty}^{r}} \bigr)^{\frac {2}{2+r}}\bigl(\Vert u\Vert _{L^{4}}^{4}+1 \bigr)+C. \end{aligned} $$\end{document}$$ Inserting ([3.9](#Equ23){ref-type=""}) and ([4.4](#Equ31){ref-type=""}) into ([3.8](#Equ22){ref-type=""}), we obtain ([3.13](#Equ27){ref-type=""}).

By the classical regularity theory of parabolic equations \[[@CR14]\], it follows from ([1.2](#Equ2){ref-type=""}), ([1.3](#Equ3){ref-type=""}), ([3.13](#Equ27){ref-type=""}) and ([4.4](#Equ31){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \Vert \nabla n\Vert _{L^{2}(0,T;L^{\tilde{r}})}&\leq C\bigl(1+\Vert un\Vert _{L^{2}(0,T;L^{\tilde{r}})}+\bigl\Vert n \chi(p)\nabla p\bigr\Vert _{L^{2}(0,T;L^{\tilde{r}})}\bigr) \\ &\leq C\bigl(1+\Vert u\Vert _{L^{\infty}(0,T;L^{4})}\Vert n\Vert _{L^{\infty}(0,T;L^{\frac{4\tilde{r}}{4-\tilde{r}}})}+\Vert n\Vert _{L^{\infty}(0,T;L^{\frac{q\tilde{r}}{q-\tilde {r}}})}\Vert \nabla p\Vert _{L^{2}(0,T;L^{q})}\bigr)\hspace{-10pt} \\ &\leq C \end{aligned} $$\end{document}$$ for some $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Vert n\Vert _{L^{2}(0,T;L^{\infty})}\leq C. $$\end{document}$$ This completes the proof.
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